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Quantum geometric tensor (QGT), including a symmetric real part defined as quantummetric and
an antisymmetric part defined as Berry curvature, is essential for understanding many phenomena.
We studied the photogalvanic effect of a multiple-band system with time-reversal-invariant symmetry
by theoretical analysis in this work. We concluded that the integral of gradient of the symmetric
part of QGT in momentum space is related to the linearly photogalvanic effect, while the integral of
gradient of Berry curvature is related to the circularly photogalvanic effect. Our work afforded an
alternative interpretation for the photogalvanic effect in the view of QGT, and a simple approach
to detect the QGT by nonlinear optical response.
PACS numbers:
Introduction Geometry plays an important role in
many aspects of modern physics[1–4]. The geometry
of the eigenstates is encoded in the quantum geomet-
ric tensor (QGT)[5–7], which is defined on any manifold
of states smoothly varying with some parameter λ. The
geometric tensor naturally appears when one defines the
’distance’ between nearby states |ψ(λ)〉 and |ψ(λ+ dλ)〉
ds2 = 1− |〈ψ(λ)|ψ(λ + dλ)〉|2
= dλαQαβdλβ +O(|dλ|
3)
(1)
where Qαβ = Γαβ + iΩαβ is as object known as the geo-
metric tensor comprising the antisymmetric Berry cur-
vature Ωαβ and the symmetric quantum metric Γαβ .
The Berry curvature is crucial for crucial for topological
matter[8–14], and the quantum metric defines the dis-
tance between the eigenstates. Knowledge of the quan-
tum metric is essential for understanding many phenom-
ena, such as, orbital magnetic susceptibility[15], the ex-
citon Lamb shift[16], and anomalous Hall drift[17].
Nonlinear optical (NLO) response[18], including sec-
ond harmonic generation (SHG) and photogalvanic ef-
fect, has wide applications in scientific community[19].
For example, SHG is used for frequency doubling of laser
light, and detection of the breaking of spatial inversion
symmetry (SIS)[20]. The photogalvanic effect (PGE),
where the dc electronic current is induced when the ma-
terial is illuminated by light, can occur in materials with
broken space inversion symmetry[21–26]. There are two
types of photogalvanic effect in semiconductors, i.e., in-
jection current induced by circularly polarized light and
shift current induced by linearly polarized light. The
injection current is also dubbed as circular photogal-
vanic effect (CPGE) because the direction of current is
∗Email:zhili@njust.edu.cn
determined by the helicity of light, and CPGE can be
used for the detection of topological charge of quantum
matter[27–29]. The direction of shift current is indepen-
dent from the helicity of light, and usually dubbed as
linear photogalvanic effect (LPGE). Recently, the Berry
curvature dipole (BCD) defined as the integral of the gra-
dient of the Berry curvature in momentum space[30–34],
affords a new interpretation for PGE. Bilayer WTe2 with
tilted Weyl point provides a possible platform to detect
the BCD and its induced nonlinear Hall current[35–37].
The nonlinear Hall effect induced by BCD implies that
the nonlinear response may has some underlying connec-
tion with the QGT. We may wonder that what is the
role of symmetric real part of QGT for nonlinear optical
response, and can we detect QGT by nonlinear optical
response?
In this letter, we address the basic theory of GPE of
multiple-band system with time-reversal-invariant sym-
metry (TRIS). We concluded that the gradient of sym-
metric real part of QGT is related to the LPGE, while the
gradient of Berry curvature is related to the CPGE. Our
work builds close connections between nonlinear optical
response of a system with time-reversal-invariant symme-
try and the geometry of quantum states, and facilitates
the detection of QGT by nonlinear optical response.
Dynamics of density matrix Under spatial homoge-
neous external field ~E(t) =
∫∞
0
dω[ ~E(ω)e−iωt + c.c.], the
light-matter interaction can be described by below model
Hamiltonian,
Hˆ(t) =
∫
d~rΨ†(~r, t)[hˆ0 − e ~E(t) · ~r]Ψ(~r, t), (2)
where hˆ0 is the unperturbed Hamiltonian describing the
ground state. The orthogonal Bloch functions φn(~k,~r)
satisfy
h0φn(~k,~r) = ǫn(~k)φn(~k,~r), (3)
2in which n is the band index and ~k is position in momen-
tum space. The Bloch functions are orthogonal to each
other,
∫
d~rφ†n(
~k,~r)φm(~k′, ~r) = δnmδ(~k − ~k
′). (4)
Wave function Ψ(~r, t) can be expressed as combination
of Bloch functions with annihilation operators an(~k),
Ψ(~r, t) =
∑
n
∫
BZ
d3~k
(2π)3
an(~k, t)φn(~k,~r)
=
∑
n,~k
an(~k, t)φn(~k,~r).
(5)
The velocity operator[1] is defined as
~v =
i
~
[Hˆ, ~r] =
i
~
[hˆ0, ~r]−
ie
~
[Eα(t)xˆ
α, ~r], (6)
where we assume that summation is performed on re-
peated index, and the current is expressed as
Ju(t) =
ie
~
Ψ†(t)[Hˆ, xˆu]Ψ(t) =
e
~
∫
d~k∂uǫn(~k)ρnn(~k, t)+
ie
~
∫
d~kǫnm(~k)A
u
nm(
~k)ρnm(~k, t)−
e2Ev(t)
~
∫
d~kfuvnm(
~k)ρnm(~k, t)+
e2Ev(t)
~
∫
d~kguvn (
~k, t)
(7)
where ∂u =
∂
∂ku
, energy difference ǫnm(~k) = ǫn(~k) −
ǫm(~k), and density matrix ρnm(~k, t) = a
†
n(
~k, t)am(~k, t).
Here, we used the position matrix[38, 39, 50] and the
definition of Berry connection,
〈n′~k′|~r|n~k〉 =
∫
d3~rφn′(~k′, ~r)~rφn(~k,~r) =
An′n(~k)δ(~k − ~k
′)− iδn′n∇~kδ(
~k − ~k′),
(8)
where Berry connection ~Anm(~k) = i〈un(~k)|∇~kum(
~k), in
which un(~k) = e
−i~k·~rφn(~k,~r) is the periodic part of
Bloch function. The (static) non-abelian Berry curva-
ture fuvmn(
~k) is defined as[41],
fuvnm(
~k) = ∂uA
v
nm(
~k)− ∂vA
u
nm(
~k)−
i
∑
l
[Aunl(
~k)Avlm(
~k)−Avnl(
~k)Aulm(
~k)] (9)
which is vanishing, and the dynamical Berry curvature
guvn (
~k, t) is defined as,
guvn (
~k, t) = i[∂ua
†
n(
~k, t)∂van(~k, t)−
∂va
†
n(
~k, t)∂uan(~k, t)].
(10)
TRIS required that guvn (
~k, t)=−guvn (−
~k, t), therefore the
dynamical Berry curvature will not cause GPE. There-
fore, only the second line and third line may contribute
to the second order response.
The dynamics of density matrix ρ(~k, t) can be de-
scribed by the Heisenberg’s equation of motion [42],
i~
dρnm(~k, t)
∂t
= i~
da†n(
~k)
dt
am(~k) + i~a
†
n(
~k)
dam(~k)
dt
= [a†n(
~k), Hˆ ]am(~k) + a
†
n(
~k)[am(~k), Hˆ ].
(11)
For the intrinsic NLO effect from geometry of eigenstates,
we ignore all the electron-electron, electron-phonon, and
electron-impurity scattering term here. We expand the
density matrix up to the second order of field strength,
ρnm(~k, t) = ρ
(0)
nm(
~k) + ρ(1)nm(
~k, t) + ρ(2)nm(
~k, t) + . . . , (12)
in which ρ
(λ)
nm(~k, t) ∝ |E|λ, and ρ
(0)
nm(~k) = δnmρ
(0)
nn(~k)
is the electronic distribution of ground state. Here,
ρ
(0)
nn =
1
1+exp( ǫn
kBT
) (kB Boltzmann constant, T tem-
perature) is fermi-Dirac distribution of band n. From
Eq. (11), the first-order frequency dependent inter-band
(n6=m) density matrix reads,
ρ(1)nm(
~k, ω) =
e ~E(ω) · ~Amn(~k)[ρ
(0)
mm(~k)− ρ
(0)
nn(~k)]
~ω + ǫnm(~k) + iη
, (13)
where η is an infinitesimal parameter. The first-order
intra-band frequency dependent density matrix reads
ρ(1)nn(
~k, ω) =
−ie
~ω
~E(ω) · ∂~kρ
(0)
nn(
~k). (14)
From Eq. (11), the second-order frequency dependent
intra-band and inter-band density matrices read,
3ρ(2)nn(ω3 =
−ie
~ω3
∑
ω1,ω2
δ(ω3, ω1 + ω2) ~E(ω1) · {∂~kρ
(1)
nn(ω2) + i
∑
m
[ ~Amn(~k)ρ
(1)
mn(
~k, ω2)− ρ
(1)
nm(ω2) ~Anm(
~k)]},
ρ(2)nm(
~k, ω3) =
−ie
~ω3 + ǫnm
∑
ω1,ω2
δ(ω3, ω1 + ω2) ~E(ω1) · {∂~kρ
(1)
nm(
~k, ω2) + i
∑
l
[ ~Aln(~k)ρ
(1)
lm(
~k, ω2)− ρ
(1)
nl (
~k, ω2) ~Aml(~k)]},
respectively.
Dc current Up to second order response, the intra-
band dc current reads,
J intrau (ω3) =
e
~
∑
n
∫
d~k∂uǫn(~k)ρ
(2)
nn(
~k, ω3). (15)
With ω3 → 0, the ratio dJ
intra
z (t)/dt is zero[43], i.e.,
intra-band dc current is vanishing in system with TRIS
and initial condition J intraz (t=0)=0. The second order
inter-band dc current reads,
J interu (0) =
e3
~2
∑
α,β
∑
ω
Eα(−ω)Eβ(ω)
∑
n,m
∫
d~k∂u(A
α
mn(
~k)Aβnm(
~k))
ρ
(0)
mm(~k)− ρ
(0)
nn(~k)
~ω − ǫnm + iη
.
(16)
In the case of resonant excitation, ~ω = ǫnm, the inter-
band dc current reads,
J interu (0) =
iπe3
~2
∑
α,β
∑
ω
Eα(−ω)Eβ(ω)
∑
n,m
∫
d~k∂u(A
α
mn(
~k)Aβnm(
~k))(ρ(0)mm(
~k)− ρ(0)nn(
~k)).
(17)
For linearly polarized light, Eα(−ω)Eβ(ω) =
Eα(ω)Eβ(−ω) =
1
2 |E(ω)|
2, the second order opti-
cal conductivity reads,
σ
(2)
uαβ(0) =
πe3
~2
∑
m
∫
d~k∂uG
αβ
mm(
~k)ρ(0)mm(
~k), (18)
in which Gαβmm(
~k) = ∂αA
β
mm(
~k) + ∂βA
α
mm(
~k) is the sym-
metric quantum metric in momentum space. Eq. (18)
demonstrates the LPGE is determined by the integral
of gradient of quantum metric in momentum space, and
the LPGE usually is not quantized. We noted that, in
the low frequency limit, the SHG under linearly polar-
ized light in asymmetric insulator is also related to this
symmetric quantum metric[44]. For circularly polarized
light, Eα(−ω)Eβ(ω) = −Eα(ω)Eβ(−ω) = i
1
2 |E(ω)|
2, the
second order optical conductivity reads,
σ
(2)
uαβ(0) =
πe3
~2
∑
α,β
∑
m
∫
d~k∂uF
αβ
mm(
~k)ρ(0)mm(
~k), (19)
in which Fαβmm(
~k) = ∂αA
β
mm(
~k) − ∂βA
α
mm(
~k) is the anti-
symmetric Berry curvature in momentum space. Eq. (19)
demonstrates that the CPGE is determined by the inte-
gral of gradient of Berry curvature in momentum space.
In the system with spatial inversion symmetry and TRIS,
Fαβmm(
~k) is vanishing[1], and Aβmm(
~k) is constant. There-
fore, both LPGE and CPGE are vanishing if the system
has both TRIS and spatial inversion symmetry.
Eqs. (18) and (19) are main discoveries of this work,
and they demonstrate that LPGE and CPGE have un-
derlying connection with the symmetric and antisymmet-
ric parts of QGT in momentum space, respectively. The
nonlinear Hall effect[30], i.e., the direction of dc current
is perpendicular to the plane of electric field, can exist
under both linearly and circularly polarized field. Es-
pecially, under circularly polarized light, σ
(2)
uαβ(0) can be
approximately quantized in chiral topological semimetal,
if only the electron around the Γ point is excited by light
with low frequency. For example, in the band structure
of chiral topological semimetals RhSi and CoSi[45–51],
the Berry curvature accumulated around the Γ point is
F xymm(
~k) = λkz/|k|
3, and ∂zF
xy
mm(
~k) = λ/|k|3, where λ
is the Chern number of targeted band. Therefore, sec-
ond order conductivity σ
(2)
zxy(0) is proportional to λ, and
affords a simple approach to detect the Chern number
of targeted band if circularly polarized with appropriate
frequency is applied.
In summary, we explored the underlying connection
between GPE and QGT. We concluded that the gradient
of the symmetric part of QGT is related to the LPGE,
while the gradient of antisymmetric part (Berry curva-
ture) is related to the CPGE. Our work afforded an al-
ternative interpretation for PGE in the view of QGT,
and classified the underlying connection between CPGE
(LPGE) and Berry curvature (quantum metric). The
CPGE can be approximately quantized in chiral topo-
logical semimetals under circularly polarized with appro-
priate frequency.
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